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ABSTRACT: The main purpose of this paper is to show that zero symmetric prime left near-rings satisfying certain identities

on generalized n- derivation are commutative rings.

1. INTRODUCTION

A right near — ring (resp. left near ring) is a set N together
with two binary operations (+) and (.) such that (i) (N,+) is a
group (not necessarily abelian). (ii) (N, .) is a semi group. (iii)
For all a,b,c € N ; we have (a + b).c =a.c + b.c (resp. a.(b +¢)
= ab + b.c) . Throughout this paper, N will be a zero
symmetric left near — ring ( i.e., a left near-ring N satisfying
the property 0.x = 0 for all x€ N ). We will denote the
product of any two elements x and y in N, i.e.; X.y by xy.
The symbol Z will denote the multiplicative centre of N, that
isZ={xeN,xy=yxforall y e N}. Anonempty subset U of
N is called semigroup left ideal (resp. semigroup right ideal )
if NU € U (resp. UN € U) and if U is both a semigroup left
ideal and a semigroup right ideal, it will be called a
semigroup ideal. For any X, y € N the symbol [x, y] = Xy - yx
and (X, y) = x +y—x-y stand for multiplicative commutator
and additive commutator of x and y respectively while the
symbol xoy will denote xy + yx. N is called a prime near-ring
if XNy = {0} implies that either x = 0 or y = 0. For
terminologies concerning near-rings, we refer to Pilz [7].

An additive endomorphism d :N —N is called a derivation
if d(xy) = xd(y) + d(x)y, (or equivalently d(xy) = d(xX)y +
xd(y) forall X,y €N, as noted in [8, proposition 1 ]. The
concept of derivation has been generalized in several ways by
various authors. In [3], M. Ashraf defined n-derivations in
near-ring and examined some properities of this derivation.

Let n be a fixed positive integer. An n-additive(i.e.; additive
in each argument) mapping d:N x N X...x N —N is said to

n—times

be n-derivation if the relations
d(x, xl:,xz, s Xp) =
x1 d(xy ,le, ey Xp)
dxy , X225, ey Xp) =
d(x, , x5, ...,xn)xz"-i-x2 dxg , x5, e, X)) '

d(xy , X, ) XXy ) = d(xy , X, ) X)) Xp
+x, d(xq , X2, 0, X )
hold for all x;,x;, x5, %5, ..., X, X,, € N.

In [4], M. Ashraf defined generalized n-derivations in near-
ring and studied some properties involved there, which gives
a generalization of n-derivation of near-rings.

Let d be n-derivation of a near-ring N. An n-additive
mapping f:N X N x...x N —N is called a right generalized

n-—times
n-derivation of N with associated n-derivation d
relations
flxxy ) Xg, oo, ) = (21, X5, ...,xn)xl" +x, d(x,, X, e Xp)
Foxg, X325, oy ) = F(Xq, Xg oo, X)X + X A(Xq, X5, 0, X))

dxy ,Xp, e, X)X +

if the

f(xq, Xp, o) XXy ) = f(xq, Xg, o) X)X +
Xp d(xq, X2, o, X0 )

hold for all x;,x;, x5, %5, ..., X, %, € N.

An n-additive mapping f:N X N x...x N —N is called a
n—times
left generalized n-derivation of N with associated n-
derivation d if the relations
flxyxq )Xz, vy X)) = (X, Xg, e, X)X '+x1f(x1 ,xz,'...,xn)
Floy, %25, oy %) = (X, Xg, e, X )Xp +25F(%1, x5, 00, X)

f(x,, x,, ...,xnxn')v = d(xy, 2, ...,xn)'xn' + x,F(xq, X, oo, X))
hold for all x, x; , %3, %3 , ..., X, X, € N.
Lastly an n-additive mapping f: N X N X...x N —>N is
n—times
called a generalized n-derivation of N with associated n-
derivation d if it is both a right generalized n-derivation as
well as a left generalized n-derivation of N with associated n-
derivation d.

Many authors studied the relationship between structure of
near-ring N and the behaviour of special mapping on N.
There are several results in the existing literature which assert
that prime near-ring with certain constrained derivations have
ring like behaviour. Recently several authors (see [1-6] and
[8] for references where further references can be found)
have investigated commutativity of near-rings satisfying
certain identities. Motivated by these results we shall
consider generalized n-derivation on a near-ring N and show
that prime near-rings satisfying some identities involving
generalized n-derivations and semigroup ideals or ideals are
commutative rings.

2. Preliminary Results

We begin with the following lemmas which are essential for
developing the proofs of

our main results.

Lemma 2.1[6] Let N be a prime near-ring. If ze Z\{0} and x
is an element of N such that xz € Z or zx€ Z, then xe Z.
Lemma 2.2[6] Let N be a prime near-ring and U a nonzero
semigroup ideal of N. If x,y € N and xUy = {0} thenx =
Oory=0.

Lemma 2.3 [6] Let N be a prime near-ring and Z contains a
nonzero semigroup left ideal or nonzero semigroup right
ideal, then N is a commutative ring.

Lemma 2.4 [4] Let d be an n-derivation of a near ring N.
Then d(ZN,...,N) € Z

Lemma 2.5 [3] Let N be a prime near-ring admitting a
nonzero n-derivation d such that d(N, N, . . ., N) € Z then N
is a commutative ring.

Lemma 2.6 [4] Let N be a prime near ring, d a nonzero n-
derivation of N, and U,U,,...,U, be nonzero semigroup left
ideals of N. If d(U,U,,...,U,) & Z, then N is a commutative
ring.

Lemma 2.7 [5] Let N be a near-ring. Then f is a left
generalized n-derivation of N associated with n-derivation d
if and only if

f(Xlx'l,Xz,...,Xn) = X f(x"1, %o, . . .,Xn) + d(Xl,Xz,.. .Xn) X't
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f(Xl,X2X,2,. . .,Xn) = Xzf(Xl,Xlz,. . .,Xn) + d(Xl,Xz,. . .,Xn)X’Z
f(X1,Xa,...,XnX"n) = Xnf(Xq,Xo,.. ., X"n) + d(Xq,Xo,. .., X0)X 'y
hold for all X1, X'1, X2, X'2,...,Xn, X' € N.

Lemma 2.8 [5] Let N be a near-ring admitting a generalized
n-derivation f with associated n-derivation d of N. Then
(d(x1 , Xy, .n, Xn)X%"F ' X, (%X, Xg, oors Xp))Y
d(xXq1 , Xz, ) X)Xy y+ x.f(xq, Xz, , Xn)Y,

(d(xq , X5, or) Xn)Xg +x,f(x41 , X5, o X))y =
d(X1 , Xz w0, X)X Y + X,F(X1 , X5, o, X0)Y,

(d(xq , x5, ...,Xn)xr}'+xnf(x1 , Xz, ...,xn'))y =
d(X1 ,Xg, s Xp)Xp Y + Xnf(X1 , Xg, oo, X0 )Y,

for all xg, X'y, Xp, X'5,..., Xp, X'n, Y € N.

Lemma 2.9[5] Let N be a near-ring admitting a generalized
n-derivation f with associated n-derivation d of N. Then
(le(X,l,Xz,...,Xn) + d(Xl,Xz,...,Xn) X’l)y = le(Xrl,Xz,...,Xn)y +
d(XlIXZQ- . ~3Xn) X’ly,

(Gf(X1,X"9,..,Xn)  + (X, Xo,.. . X0)X2)Y = Xof(Xy,Xo,....Xn)Y
+A(X1, Xz, . Xn)X2Y,

(XnF(X1,X2,. .., X"n)Hd(X1,Xo,. . .,.Xn)X 1Y
+d(X1,X,...,.Xn)Xn Y

for all Xy, X'y, Xp, X'5,..., Xn, X'n, ¥ € N.
Lemma 2.10 [2] Let N be a prime near-ring admitting a left
generalized n-derivation f with associated nonzero n-
derivation d of N. Let Uy, Uy, . . .,U, be nonzero semigroup
ideals of N. If f(uu'y, Uy, . . ., Uy) = f(u’y Uy, Uy, . . ., u,) forall
Ug, u'y €Ug,Up € Uy,...,U, € Uy, then N is a commutative ring.
Lemma 2.11 [2] Let N be a prime near-ring admitting a
nonzero generalized n-derivation f with associated n-
derivation d of N. Let Uy, U,, . . .,U, be nonzero semigroup
right ideals of N. If f(Uy, U,, . . ., U, € Z, then N is a
commutative ring.

Xnf(X1, %o, ...X'n)Y

3. MAIN RESULT

Theorem 3.1 Let N be a prime near ring admitting a
generalized n-derivation f associated with nonzero n-
derivation d of N. Let U;,U,,...,U,, be semigroup ideals of N.
Then the following assertions are equivalent

@ f(Ix ylua,...,uy) = [f(X,u,,...,u,), y] for all x,ye Uj,ue
U,,...,up € Up.

(i) [f(X,Uz,...,un), Y] = [X, y] for all x,ye Uy,ue U,,...,u, € U,
(iii) N is a commutative ring.

Proof. It is easy to verify that (iii) =(i) and (iii) = (ii)

(i) = (iii) Assume that

f([X, yI,uz,...,us) = [f(X,Uz,...,un),y] for all X, ye Uj,ue U,,...,u,
e U, (1)

If we take y = x in (1) we get

f(X,Up,..., U)X = xf(X,Uy,...,uy) for all xe Ujp ,Ue U,,...,use Up.
)

Replacing y by xy in (1) to get

f([X, xy],Uz,....un) = [f(X,Up,...,uy), xy] for all xe U; ,use
Uz,...,UnE Un.

Therefore

fX[X, Y]Ug,...n) = [f(X,Up,...,Un), Xxy] for all xe U; ,use

Ug,...,UnE Un.

Hence, we get

d(X,Uz,...,un)[X, Y] + XF([X, Y],Uz,...,Un) = [f(X,Up,...,Uy), Xy] for
all xe Uy ,ue Us,...,Une Up.

Using (1) again, previous equation implies that
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d(X,u,...,u)[X, Y] + X[F(X,Uz,...,Un), Y] = [f(X,Uz,...,uy), Xy] for
all xe Uq,use U,,...,ue U,

Which means that

d(X,Ug,...,un) [X,Y] + XF(X,Us,...,Un)y - XYF(X,Us,...,U;) =
f(X,Us,...,Un) XY - Xyf(X,Us,...,u,) for all xe Uy, uye U,,...,une U,
Using (2) previous equation can be reduced to

d(X,u,...,u)xy = d(X,Up,...,u)yx  for all X, ye Ui, Uz
Uy,...,Un€ Up.
©)

Replacing y by yr, where re N, in (3) and using it again to get
d(X,Us,...,ur)Uq[X, r] = O for all xe Uy, uye U,,...,use Uy, re N.

(4)

Using Lemma 2.2 in (4), we conclude that

for each xeU; either xe Z or d(x,u,,...,u;) = 0 for all uye
Uy,...,U, €Uy, but using Lemma 2.4 lastly, we get d(x,U,,...,Uy)€
Z for all xeUg,uze U,,...,une Uy,. So we get d(Uy,Us,...,.U,) € Z.
Now by using Lemma 2.6 we find that N is a commutative
ring.

(ii) = (iii) suppose that

[f(X,Uz,...,Un), Y] = [X, y] for all X, ye Uy,u 2€ U,...,u, € U,.

®)
If we take y = x in (5), we get
f(X,Uy,...,Un)X = XF(X,Uj,...,up) for all xe Uy, U ,€ U,,...,u, € U,

(6)

Replacing x by yx in (5) and using it again, we get

[F(yx,Uz,...,un).Y1 = [yX, Y] = Y[X, Y] = Y[f(X,u2,...,un), y] for all

X, Ye Ug,uze Uy,...,Une Up.

So we have

flyx,uz,...Uun)y -

yzf(XIUZ!"'!un)

for all x,ye Uy,ue Us,...,Uqe U,,.

In view of Lemmas 2.7 and 2.9 the last equation can be

rewritten as

yf(XIUZV"'Vun)y +

yd(Y:UZv---vUn)X) =
YF(X, Uz, Un)y - YAF(X,Us,... ) for all x,ye

Uy, Uuse U,,...,ue U,

So we have

d(y,us,...,up)xy = yd(y,uy,...,up)x forall x, ye Uy, use U,,...,un€

U,

yi(yxX,Uz,..oun) = YUz, Un)y -

d(y, Uz, U)Xy  —  (YF(XUp,...,Up)  +

(7

Replacing x by xr in (7) and using it again to get
d(y,Us,...,up)Xry = yd(y,uy,...,u))Xr = d(y,uUs,...,Un)Xyr.
Therefore

d(y,us,...,u,)U1[y,r] = 0 for all ye Uy ,use U,,...,u,e U, re N.

(8)

Since equation (8) is the same as equation (4), arguing as in
the proof of (i) = (iii) we find that N is a commutative ring.
Corollary 3.2 Let N be a prime near ring admitting a
generalized n-derivation f associated with nonzero n-
derivation d of N. Then the following assertions are
equivalent

(1) f([x1, Y1, X25-Xn) = [F(X1,X2,..,X%n), Y] fOr all Xg,Xa,...,Xn, Y €
N.
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(i) [f(X1, X2, Xn), Y] = [X1, Y] for all X¢,%s,..., X,,y € N.
(iii) N is a commutative ring.
Corollary 3.3 [ 1, Theorem 2.1] Let N be a prime near ring
which admits a nonzero n-derivation d, if Uy,U,, ...,U, are
semigroup ideals of N, then the following assertions are
equivalent
(i) d([x Y].Uz,...,uy) = [d(X,Us,...,uy), Y] for all x, ye Uy, uze
Uz,...,UnE Un.
(i) [d(X,Ug,...,up), Y] = [, y] for all X, ye Uy, use Uy,...,une U,
(iii) N is a commutative ring.
Theorem 3.4 Let N be prime near ring admitting a nonzero
right generalized n-derivation f associated with n-derivation d
of N. If Uy,U,,...,U, are nonzero semigroup ideals of N. Then
the following assertions are equivalent
(i) [f(ug,uy,...,up),y]e Z for all uzeUy,ue U,,...,u, €U, ye N.
(if) N is a commutative ring.
Proof. Itis clear that (ii) = (i)
(i) = (ii) Suppose that
[f(uy,Us,...,un),y] € Z for all uye Ug,use Uy,...,u € Uy, ye N.

9)
Replacing y by f(u; Us,...,un)y in (9) to get
[f(ug,Uy,...,up), f(ug,uy,...,uy)y] € Z for all uie Uy ,uye U,,...,U, €
U, ye N.
Which means that
[[f(uy,uy,...,us), f(ugU,,...,u)ylt] = 0 for all ue Ujguse
Uy,...,Uye Uyand y, te N.
Therefore, we get
[f(uq,Us,...,up) [f(ug,Uz,...,Un),Y],t] = O for all u;eU; ,ue U,,...,uy
€U, y,te N.
Hence,
f(ug,Uy,...,Un)
[f(u11u21---1un)’y]
for all ueU; ,use Uy,...,u, €U, y,te N.
Using (9) in previous equation implies that
[f(ug,Uy,...,un),¥][f(uy,Us,...,u,),t] = 0
for all ueUq ,use U,,...,u,eU,and y, t e N.
In view of (9), equation (10) assures that
[f(ug,Up,...,un), YIN[f(ug,uy,...,un) ,y] = 0 for all u;eU; ,uze
U,,...,Un €U, ,ye N.
Primeness of N shows that [f(uy,Us,...,u,),y] = 0 for all u;eU,
U € Uy,...,UupeUp, y € N.
Hence f(Uy,U,,...,Uy)E Z. By Lemma 2.11 we conclude that
N is a commutative ring.
Corollary 3.5 Let N be prime near ring admitting a nonzero
right generalized n-derivation f associated with n-derivation d
of N. Then the following assertions are equivalent
(D) [F(X1,X2,...,.%n),Y] € Z forall X;,X 5,....%,,Y € N.
(if) N is a commutative ring.
Corollary 3.6 [1, Theorem 2.9] Let N be a prime near ring
admitting a nonzero n-derivation d of N. If Uy,U,,...,U, are
nonzero semigroup ideals of N. Then the following assertions
are equivalent
(i) [d(ug,Uy,...,un),y] € Z for all u;eUy, use U,,...,une U, ye N.
(if) N is a commutative ring.
Theorem 3.7 Let N be a 2-torsion free prime near ring, then
there exists no generalized n-derivation f associated with
nonzero n-derivation d of N such that
f(X1,Xa,...,Xn)oy = Xgoy for all X; ,X 5,...,X,,ye N.
Proof. Suppose that
f(X1,Xa,...,Xn)oY = Xg0Y for all X; ,X 5,...,X,, Ye N.

[f(ug,uy,...,un),y]t tf(ug,Us,...,uy,)

(10)

(11)
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Replacing x; by yx; in (15) and using it again, we get
f(yX1,Xz,.... Xn)oY = (YX1)oy
= y(Xi0y )
= Y(f(X1,X2,--.,Xn)°Y)
Using Lemma 2.7 and Lemma 2.9 in previous equation, we
obtain
Vi X, X)y  + o d(y Xz, Xo)Xey  +
Yo(X1, X100, %) =
YF(X0, X0, Xn)Y + VAF(X0,Xo,..., Xn) O all Xq,Xo,..., Xn, Y€ N.
Hence we get

d(y,Xo,.... Xp)X2y = - yd(Y,Xa,..., %)Xy for all Xi,Xs,...,X,,YeN.
(12)
Replacing x; by zx; in (12),where ze N, we get
d(leZl"'an)ley = - yd(leZl"'an)le

= (yd(y. Xz, Xn)Z)( - X1)
= d(Y, X2, Xn)Z(- Y)(- Xy) for all Xq,%s,...,Xn,Y, Z€ N.
Since - d(Y,Xz,....Xn)ZX1y = d(Y,Xz,....Xn)zX1(-y ) for all x;
X200, Xn Y, Z€ N.
The last expression reduced to
d(y,Xa,....Xn)ZX1(- ¥) = d(Y,X2,....Xn)Z(- Y)X; for all X1, Xa,...,Xq,
Yy, ze N.
Taking - y instead of y in previous equation, we get
d(-Y,X2,....Xn)ZX1Y = d(-Y,Xa,....Xn)ZyXy for all Xq ,Xs,...,.%n Y, Z€
N.
So that d(-y,Xs,...,Xn)Z[X1, Y] = 0 for all X1 ,X5,...,X5,Y, Z€ N.
Therefore, d(-y,Xa,....Xn)N[X1, Y] = {0} for all x;,%s,....X, ,Ye
N.
Primeness of N yields that for each ye N,
either d(y,Xs,....Xn) = - d(-Y,Xa,...,.X,) = 0 for all X,,...,.x,e¢ N or
ye Z.
Using Lemma 2.4 lastly, we get d(y,Xa,....x,)e Z for all
Y, Xo,....Xp€ N. Hence we conclude that d(N,N,...,N)S Z and
using Lemma 2.5 implies that N is a commutative ring. Since
N is 2-torsion free, therefore (11) assures that
f(X1,X2,...,.Xn)Y = Xzy for all Xy ,X5,...,Xn,ye N. (13)
Replacing x; by x;t in (13) and using it again, we get
d(X,Xo,.. X))ty = 0 for all X5, X,,....XnY,te N. Therefore
d(X1,X2,....Xy)Ny = 0 for all Xg,X5,...,X,,ye N. Primeness of N
implies that either d = 0 ory = 0 for all ye N; a contradiction.
Corollary 3.8 [1, Theorem 2.13] Let N be a 2-torsion free
prime near ring, then there exists no nonzero n-derivation d
of N such that d(X;,Xa,...,X) oy = Xy0y for all X1,X,,..., Xn,ye N.
Theorem 3.9 Let N be 2-torsion free a prime near ring
which admits a nonzero right generalized n-derivation f
associated with n-derivation d. If f(x3,X5,...,Xn)ey € Z for all x,
X2, Xn,Y €N, then N is a commutative ring.
Proof. By our hypothesis, we have
f(X1,Xa,...,Xn)oy € Z for all X1, X,...,Xn ,ye N.
(a) If Z = {0}, then equation (14) reduced to
V(X1 Xo,. . Xn) = - f(X, %o, Xn)y for all Xg,%,....X,, Ye N.
(15)
Replacing y by ry, where re N, in (15) to get
ryf(X1, Xz, Xn) = = f(X1,X2,....X0) 1Y

= f(X, X2, Xn)P( - Y)

= rf(-Xg, X2, Xn)(-y ) for all xq,X,,...,.%n,Y,r € N.
Thus we get
ryf(Xe, X, Xn) + f(-X1,X2,...,Xn) ¥) = 0 for all X3,X5,...,X, ,Y,r €
N.
Replacing x; by -x; in last egation we get

yd(vaZa---aXn)X1+

(14)
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r(-yf(X1, X2, Xn) + F(X1,X2,...,Xn) ¥) = 0 for all X3,X5,...,X, ,Y,r €
N.

which implies that
rN(-yf(Xy,X2,..,%n)  +
X1,X25+--,Xn, Y € N.
Primeness of N implies that f(N,N,..,N) € Z and thus f = 0,
which contradicts our hypothesis, consequently, there exists
an element z € Z such that z # 0

f(X1,X2,...,Xp)0y € Z for all X1 ,X,,...,Xn,Y €N. Then
f(X1,X2,..0Xn)0Z = (X1, X0,..,X0)Z + Zf(X1,X5,...,X,) € Z for all
X1,X2,...,Xn, Y€ N, Z € Z. which implies that
Z(F(X1,X2,.. 0 Xn) + (X1, Xo,...,%,)) € Z, by Lemma 2.1 we find
that
f(X1, X0, Xn) + f(X1,X2,..,Xn) € Z for all Xg,X,,....%, € N.
(16)

Moreover from (14) it follows that
f(X1+ X1,X,...,Xp)oy € Z for all X; ,X,....%,,y € N.
Which means that
f(X1+ X, X9, Xn)Y + YEXt X1,X0,0.%0) = (F(Xq,X2,..0Xn) +
(X1, X2, X))y +

f(X1, X0, %0)y) = {0} for all

Y(F(X1,X2,...,%n) + F(X1,X5,...,%,)) € Z for all
X1,X2,..Xn,Y € N.
Which because of (16), yields that
(f(X1 + Xg,X2,..00%n) + f(Xg + Xg,X5,...,.Xp))y € Z for all x;
X2y Xn, YEN.
Therefore, for all X; ,X5,...,X,, Y, teN we have
(F(X1 + X1,X2,0.,Xn) + (X + X1,X5,...,Xp) )Y

= y(f(xi + XuXoXn) + f(xy +

= (f(x

X1,X2,. - Xn))t
+ Xy XopoXn) + f(Xg +
X1,X2,0.,Xn) )Yt
So that
(F(X1 + X1, X0,0.,Xn) + F(X1 + X1,X0,...,X0))N[t, y] = {0}
for all x; ,Xg,...,%n,

y,te N.
In view of the primeness and 2-torsion freeness of N, the
previous equation yields
either f(X; + X¢,Xo,...,Xn) + (X1 + X1,X,...,.X,) = 0 and thus f =
0, a contradiction, or N € Z and N is a commutative ring by
Lemma 2.3.
Corollary 3.10 [1, Theorem 2.16] Let N be 2-torsion free a
prime near ring which admits a nonzero n-derivation d. If
d(Xq,Xo,...,.Xn)oy € Z for all X;,Xs,....%Xn,ye N, then N is a
commutative ring.

The following example proves that the hypothesis of
primness in various theorems is not superfluous.
Let S be a 2-torsion free commutative near-ring. Let us define

0 x vy

N = [(O 0 0>,x, y,0€S } iS zero symmetric near-ring
0 0 0

with regard to matrix addition and matrix multiplication.

Define d: N X N X...x N —N such that

n—times

0 % y1 0 % ¥y 0 X, Yn
f o o o0/J){0 0o O0},...,;]0 O O
0 0 O 0 0 O 0 0 O

0 x4X3..%x, O
= <0 0 0)
0 0 0
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0 % w1 0 % ¥ 0 X, ¥n
d o o o0J),)0 0 O0},...,/0 O O
0 0 O 0o 0 O 0 0 O
0 0 y1y2..¥n
=(0 0 0
0 0 0

It is easy to verify that f is generalized n-derivation
associated with a nonzero n-derivation d of N satisfying the
following conditions for all A,B,A;,A,,...,.A, EN,

() f([A.B].Az..... An) = [f(AAz,....An) B]

(i) [f(AA,,...,An),B] = [AB]

(i) [f(ALA,...,An),B] €Z forall Aj,A,,...,Ay,BeEN .
(lV) f(Al,Az,...,An)OB =A°B

(V) f(Al,Az,...,An)OB (S

However, N is not a ring.
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